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For a ﬁnite unramiﬁed Galois -extension of function ﬁelds over an algebraically
closed ﬁeld of characteristic different from , we ﬁnd the Galois module structure
of the elements of the Jacobian whose orders are powers of . © 2001 Academic Press
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1. INTRODUCTION
Let k be an algebraically closed ﬁeld of characteristic p ≥ 0. Let  be a
prime different from p. Let L/K be a ﬁnite Galois -extension of function
ﬁelds over k with Galois groupG. The groupG acts naturally on the various
-modules associated with L, where  denotes the ring of -adic integers.
Let L be the corresponding Jacobian variety. We have that G acts on L
and, by restriction, on nL, the group of points of L of order dividing n.
Let L = lim→ nL. Then L is naturally G-isomorphic to 0L,
the -Sylow subgroup of the group 0L of divisor classes of degree 0 of L.
It is well known that as groups 0L ∼= R2gL, where gL denotes the genus
of L, R = /, and  denotes the ﬁeld of -adic numbers.
Our main object in this paper is to obtain explicitly the G-module
structure of L in the case where L/K is unramiﬁed; this is Theorem 3.1.
1 This research was partially supported by CONACyT, project 36552-E.
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Our main tools are Galois cohomology, the dual of Heller’s loop operator,
the structure of the generalized Jacobian obtained in [8], and some results
obtained in [4].
In Section 2 we collect some results from [8] and [4] and prove some
results that we use later. In Section 3 we obtain the general structure
of L for L/K unramiﬁed.
When  = p, the structure of L was found for an arbitrary exten-
sion L/K in [2]. The techniques of this paper are similar to those in [2].
However, there is a big difference: When  = p, the generalized Jacobian
is G-injective, and when  	= p, the generalized Jacobian is not G-
injective ([8]). The reason is that when  	= p, the nth roots of unity are
present in the base ﬁeld. The case where  	= p, L/K ramiﬁed, remains to
be solved.
2. RESULTS ON COHOMOLOGY AND NOTATIONS
In this paper, L denotes the group of divisors of the ﬁeld L
 0L, the
subgroup of L of divisors of degree 0; PL, the principal divisors; L, the
class group of L; and 0L, the group of divisor classes of degree 0. For a
natural number mCm denotes a cyclic group of order m. We denote by G
the Galois group Gal(L/K) of the -extension L/K,  different from the
characteristic. Let G = n be the order of G, and let gL denote the genus
of L.
For any G-module M , the ith Tate cohomology group ĤiGM i ∈ ,
is denoted by HiGM. The trivial group is denoted by 0, whether its
structure is additive or multiplicative. Also, we denote by MG = m ∈ M 
gm = m ∀ g ∈ G and by NG = N the norm (trace) map, that is, Nm =∏
g∈G gm (or
∑
g∈G gm NM denotes the kernel of N acting onM and IGM
denotes the module generated by gm−m  g ∈ Gm ∈M.
For any G-module MM denotes the Pontrjagin dual of M , that
is, M = HomMR. Finally, for any module M M denotes the
elements of M whose order divide .
Each module under consideration is ﬁnitely generated, or its Pontrjagin
dual is ﬁnitely generated.
First, we consider the following exact sequences of G-modules:
0 −→ k∗ −→ L∗ −→ PL −→ 0 (1)
0 −→ PL −→ L −→ L −→ 0 (2)
0 −→ PL
i−→0L
π−→0L −→ 0 (3)
0 −→ 0L −→ L
deg−→ −→ 0 (4)
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0 −→ 0L −→ L
deg−→ −→ 0 (5)
and
0 −→  −→  −→ R −→ 0 (6)
where deg denotes the degree map.
Let L/K be an unramiﬁed extension. Then we have H0GL ∼=
H−1GL = 0 and, by Tsen’s theorem, H0GL∗ = 0. From
Hilbert’s theorem 90, we obtain that H1GL∗ = 0. Since G is an
-group and the cohomology groups vanish for two consecutive values,
it follows that L∗ and L are cohomologically trivial ([6], Theorem 8,
Chapter IX, Section 5). We also have that  is cohomologically trivial.
Now, since G is an -group and k is an algebraically closed ﬁeld, we have
that k∗ = ξ ∈ k  ξn = 1 for some n ∈  ∼= R and
HiGk∗ ∼= HiGk∗ ∼= HiGR (7)
From (1), (6), and (7), it follows that
HiGPL ∼= Hi+1Gk∗ ∼= Hi+1GR
∼= Hi+2G ∼= Hi+2G i ∈  (8)
From (2) and (8), we obtain that
HiGL ∼= Hi+1GPL ∼= Hi+3G i ∈  (9)
From (4), it follows that
HiG ∼= Hi+1G0L (10)
We have that ([10], Corollary 4.4.7)
HiG ∼= H−1G for all i ∈  (11)
H1G ∼= H−1G = 0 (12)
H0G ∼= CG (13)
and
H−2G ∼= H2G ∼= G/G′ (14)
where G′ denotes the commutator subgroup of G.
From (3), we obtain
· · · −→ H−1GPL −→ H−1G0L
f−→H−1G0L
g−→ H0GPL −→ H0G0L −→ · · ·  (15)
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From (8), (12), and (14), we have that
H−1GPL = 0 and H0GPL ∼= G/G′
From (10), (12), and (14), it follows that
H−1G0L ∼= G/G′ and H0G0L = 0
Therefore,
0 −→ G/G′ −→ H−1G0L −→ G/G′ −→ 0 (16)
is exact.
We will see that (16) splits. From Tsen’s theorem, we have that NL = K.
Therefore, NPL = PK . From (15), we obtain
0 −→ N0L
IG0L
f−→ N0L
IG0L
g−→ P
G
L
PK
−→ 0 (17)
Now f is given by f  mod IG0L = π mod IG0L π and i are
the maps given in (3), and g is the connecting homomorphism given as
follows: If c ∈ N0L, then let 	 ∈ 0L such that π	 = c. Then 0 =
Nc = Nπ	 = πN	. It follows that N	 ∈ kerπ = im i; that is, there
exists a ∈ L∗ a ∈ PL, such that ia = N	. Then gc mod IG0L =
a modPK (symbolically, gc¯ = i−1Nπ−1c modPK).
We consider the map δ  PGL
PK
→ N0L
IG0L
given as follows: If a ∈ PGL ⊆
G0L = N0L = 0K (since H0G0L = 0), then there exists 	 ∈ 0L
such that N	 = a. Let
δa modPK = π	 mod IG0L (18)
If δ is well deﬁned, then it follows immediately that g ◦ δ = IdH0GPL
and that (16) splits.
To show that δ is well deﬁned we must prove that if 	
 ∈ 0L are such
that N	 = N
 = a, then π	 ≡ π
 mod IG0L.
We have the exact sequence
0 −→ N0L −→ 0L
θ=N−→N0L = 0K −→ 0
Therefore,
0 −→ N0L
IG0L
−→ 0L
IG0L
θ¯−→N0L = 0K −→ 0 (19)
is an exact sequence of groups.
Since 0K is a -free module, (19) splits. Furthermore, the splitting
map ε N0L → 0LIG0L is given as follows: If  ∈ 0L, then εN =
mod IG0L.
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Therefore, if N	 = N
, then it follows that 	 ≡ 
 mod IG0L; that is,
there exists  ∈ IG0L such that 	 = 
. Hence π	 = π
π and
π ∈ IG0L.
Thus, δ is well deﬁned and
H−1G0L ∼= G/G′ ⊕G/G′ (20)
Now we study the group H0G0L. We want to prove that
H0G0L ∼= H0GL
From [4], we have that H0H0L ∼= H0HL ∼= 0 for any H < G
cyclic. Let H be a cyclic subgroup contained in the center of G of order .
Let E = LH be the ﬁxed ﬁeld, GalL/E = H.
From (2), (3), and [4], we obtain
0 −→ PHL −→ HL −→ HL −→ H1HPL = 0 (21)
and
0 −→ PHL −→ H0L −→ H0L −→ H1HPL = 0 (22)
Since HL = E and H0L = 0E , it follows from (21) and (22) that
0 −→ PHL /PE −→ E −→ HL −→ 0 (23)
and
0 −→ PHL /PE −→ 0E −→ H0L −→ 0 (24)
Now A = PHL /PE ∼= H0HPL ∼= C (see [4]) and
H0G/HA ∼= H1G/HA ∼= A (25)
Now from [9], Theorem 1, and [4] we obtain the exact sequences
H0HL ∼= 0 −→ H0GL −→ H0G/HHL  −→ 0 (26)
and
H0H0L ∼= 0 −→ H0G0L −→ H0G/HH0L −→ 0 (27)
Therefore,
H0GL ∼= H0G/HHL  and H0G0L ∼= H0G/HH0L (28)
By induction on the order of G, we assume that
H0G/HE ∼= H0G/H0E
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From (23), (24), and (25), we obtain the commutative diagram
A
−→H0G/HE
π−→ H0G/HHL 
δ−→ A
 Id
 α
 β
 Id
A
′−→H0G/H0E
π ′−→ H0G/HH0L
δ′−→ A
(29)
where  ′ ππ ′, α and β are the natural maps and δ and δ′ are the
connecting homomorphisms.
Since α is an isomorphism, it follows that β is an isomorphism. Therefore,
from (28), we have
H0G0L ∼= H0GL (30)
Therefore, from (5), (12), and (30), we obtain
H−1G = 0 −→ H0G0L −→ H0GL
d˜eg−→H0G
∼= /n −→ H1G0L −→ H1GL −→ 0
= H1G (31)
Thus, d˜eg: H0GL = GL /NL → H0G ∼= /n is the zero
map.
It follows from (31) that
0 −→ H0G0L −→ H0GL −→ 0 (32)
and
0 −→ Cn −→ H1G0L −→ H1GL −→ 0 (33)
are exact sequences of groups.
Finally, since nH1G0L = 0, from (9), (20), (30), and (33), we obtain
Proposition 2.1. Let L/K be an unramiﬁed Galois -extension of
degree n. Then the cohomology groups of 0L are given by:
(i) H−1G0L ∼= G/G′ ⊕G/G′,
(ii) H0G0L ∼= H3G, and
(iii) H1G0L ∼= Cn ⊕H4G.
Let M be a G-module that is -divisible and such that M is
ﬁnitely generated. That is, as groups, M ∼= Rs for some s ∈  ∪ 0. Then
0 −→ M −→M
−→M −→ 0 (34)
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is an exact G-sequence.
From (34), we obtain the exact sequence
· · · −→ Hi−1GM −→Hi−1GM −→ HiG M
−→ HiGM −→HiGM −→ · · ·  (35)
It follows that
HiG M ∼= Cαi−1M+αiM  (36)
where
αiM = dim
HiGM
HiGM = dim H
iGM
with  denoting the ﬁnite ﬁeld with  elements.
Now we have that (see [5])
α2 = d and α3 = r − d (37)
where d is the minimal number of generators of G and r is the number of
relations.
From Proposition 2.1 and (37), we obtain that α−10L = 2d and
α00L = α3 = r − d. Hence, from (36), we have
Proposition 2.2. With the hypothesis of Proposition 2.1, we have that
H0G 0L ∼= Cd+r 
3. GALOIS MODULE STRUCTURE OF L
We keep the notation and hypothesis of Section 2. Let ℘ be a ﬁxed prime
divisor of K and let  = conK/L℘ =
∏G
i=1i be the conorm of ℘ in L. We
have the G-exact sequence (see [8])
0 −→ T −→ 0  −→ 0L −→ 0 (38)
where 0  ∼=     is the -torsion of the generalized Jacobian
associated to L and  , and T ∼= RGR .
We have that
0  ∼= RG2gK−d ⊕ S (39)
where S ∼= RGd−1+1 as groups and S is an indecomposable G-module
([8], Theorem 6).
galois module structure of jacobians 557
We also have ([8])
HiG0  ∼= HiGS ∼= Hi−1G (40)
From the exact sequence
0 −→ R −→ RG −→ T −→ 0 (41)
we obtain that
0 → R→ RGG ∼= R→ TG → H1GR → 0
is exact and that
HiGT  ∼= Hi+1GR ∼= Hi+2G (42)
Therefore,
TG = H0GT  ∼= G/G′ and NT = 0
Now, taking the elements of order dividing  in (38), we obtain the G-
exact sequence
0 −→ T ∼=
G

δ−→ 0 −→ 0L −→ 0 (43)
From (43), we obtain the exact sequence
H−1G 0L −→ H0G T  −→ H0G 0 
ψ−→H0G 0L
−→ H1G T  −→ H1G 0  (44)
Since T ∼= G and NG = , it follows that NT  = 0.
From (11), (12), (13), (37), and (40), we have that
α−10  = d α00  = 0 and α10  = 1 (45)
From (45) and (36), we have that
H0G 0  ∼= Cd+0 ∼= Cd (46)
and
H1G 0  ∼= C0+1 ∼= C (47)
From (42), we obtain that
α0T  = d and α1T  = r − d (48)
From (36) and (48), it follows that
H1G T  ∼= Cd+r−d ∼= Cr (49)
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From (44), (46), (47), and (49), we obtain that
H−1G 0L −→ TG
δ−→H0G 0  ∼= Cd
ψ−→H0G 0L
∼= Cd+r −→ H1G T  ∼= Cr
φ−→H1G 0  ∼= C
is exact.
Therefore,
0 −→ H
0G 0 
kerψ
−→ H0G 0L −→ kerφ −→ 0
is exact.
Since H0G 0  ∼= Cd H0G 0L ∼= Cd+r and kerφ ⊆ H1G T  ∼=
Cr , it follows that kerψ = im δ = 0 and kerφ = H1G T .
In particular,
T
G ⊆ N0  (50)
Since S has no G-injective components, we have that NS = 0.
Assume that T ∩ S 	= 0. Then
T ∩ S = T ∩ S 	= 0 (51)
Since T ∩ S is a ﬁnite nontrivial -group, we have TG ∩ SG =
T ∩ SG 	= 0.
Now we have that N0  = NM, where 0 ∼= M ⊕ S and M ∼=
0 /S ∼= RG2gK−d.
It follows that
T
G ⊆ N0  = NM ⊆ M (52)
From (51) and (52), we obtain that
0 = 0 = M ∩ S = M ∩ S ⊇ TG ∩ SG 	= 0
This contradiction shows that
T ∩ S = 0 (53)
Therefore, we have
Theorem 3.1. Let L/K be a ﬁnite unramiﬁed Galois -extension of
function ﬁelds with Galois group G. Then the G-module structure of
0L, in terms of indecomposable modules is given by
0L ∼= RG2gK−2d ⊕+#T  ⊕ S (54)
where +#T  ∼= RGd/RG/R.
Furthermore, +#T  and S are indecomposable G-modules such that,
as groups, +#T  ∼= S ∼= RGd−1+1.
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Proof. From (38) and (53), we have that the natural map ρ  T → 0 
S
is an injective homomorphism. From (39), we have that 0 
S
∼= RG2gK−d.
Therefore, there exists a decomposition 0  ∼= M ⊕ SM ∼= RG2gK−d,
such that in the G-exact sequence
0 −→ T j−→M ⊕ S −→ 0  −→ 0
jT  ⊆M and S is indecomposable ([8]). Therefore,
0L ∼=
RG2gK−d
jT  ⊕ S
Let +# denote the dual of the Heller’s loop operator (see [2]). Then d is
the minimal natural number such that there exists a G-injective homo-
morphism χT → RGd. Therefore,
+#T  ∼= RG
d
T
∼= RG
d
RG/R 
and
0 −→ T −→ RG2gK−d −→ +#T  ⊕ RG2gK−2d −→ 0
is exact. Therefore,
0L ∼=
RG2gK−d
jT  ⊕ S
∼= RG2gK−2d ⊕+#T  ⊕ S
Finally, since T is indecomposable, we have that +#T  is an indecom-
posable module and, as groups, +#T  ∼= RGd−1+1 ∼= S.
Remark 31. We have that +#T  ∼= S as G-modules iff d = 1, that
is, only in the case where G is a cyclic group. In this case we have +#T  ∼=
S ∼= R. In fact, we have (see (40))
HiGS ∼= HiG0  ∼= Hi−1G
and from the exact sequence
0 −→ T −→ RGd −→ +#T  −→ 0 (55)
and (42), we have that HiG+#T  ∼= Hi+1GT  ∼= Hi+3G.
In particular, if S ∼= +#T , then
HiGS ∼= Hi−1G ∼= Hi+3G ∼= HiG+#T 
In particular, H4G ∼= H0G ∼= CG. This occurs only in the case
where G is a cyclic group (see [1], Theorem 9.5, Chapter VI, and Exer-
cise 4, p. 159). In this situation, d = 1 and S ∼= R ∼= +#T . This result was
obtained in [4].
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